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1: WHY STUDY GROUPS'?
,

9

.

sult lo.f combining two elements a and b of the Set under

the operation wilt be written as a * bf pronounced "a
1.1 The Powep.of Generalization

Mathematicians like, to be'as general as they can.

When they say that a + b = b + a, they are makirig a

statemigt about'all real numbers. This is the familiar

commutative, property of-addition; it asserts that for any

pati'of numbers the order in Which they are added.makes
no difference. Such a statement is much more powerful

than the assertidn that2 + 3 = 3 + 2 or that /7 +
=-V3 +7. The value of the more eeneral statement FS

this: used in conjunction with other such statements,

it can serve as a basis for deducing the properties of --

all real numbers.

Thecommutative property is not confpiqd toreal
numbers under addition. Sets are commutative under inter-

.

section too,and so are two knight's moves performed in

succession on a chessboard. A consideration of .situa-
,

tions as diverse as these has prompted mathematicians' to

be even more general in their thinking and to studyal-
gebraic structures, sets Df "elements'" - objectS of any
;(:)t at afl - wh'ith exhibit certain properties whefi coni-

bined,under;a'binary operation, The results of such

studies are completely general'in 4heir appliCation.

One of the simplest and most interesting algebraic

structures is the group. The theory of groups has been

applied to many branches.of mathematics as well as 4

crystallography, coding theory, quantut mechanics, and'the,
physics of elementSry particles. In this'last case, it

was used to predict the existence and properties of cer-

tain particles well before they were actuafly.discovered.

1.2 What is a_Group?

A group is a 'set _Of elements that can be combined
under a binary operation which we shall call * and which
exhibits four properties under this'operatlion. (The re-

- 6
1

star b.")

Property 1. The set is closed under *, that is, if

a and b are members of .the. set then a * b is also at mem- ,o
ber

Property 2*. The operation *.is associative, that

is a * (b * c) =,(a * b) *,C: 4

Rroperty 3.' The set contains an element,e such that

_for any element a of the set a * e = -e *IA = a: e is

called the, identity element. .'

Property 4. For every element a of the get there

exists a unique oeleinent b such that a !' * a e.

is ailed the ,inverse of a and is often written a-1.

A group need not be commutative. If it is, however, it
.

is called a commutative group or an"Abelian-group.J
1.3 Examples of Groups o N

The integers form a group under addition. To prove .

this, we must shofq that integers,exhibit each of the four

group prOerties when they are added. First, the integers

are closed under addition, that is, the sum of any two;
integers is an integer, Second, Addit'ron is an associative

operation. Third,-there is in identity element, tamely

zero, since the addition ogydro to any integer leaves-
,

that integer unchanged. And fourth, each intege has an

inverse under addition, namely'its negative: -Thus 3 + (-3)
= (-3) + 3 = 0. Since addition is commutative, the inte-

gers under addition form an Abelian group. Since there

are an infinite number of integers, it is also called an

infinite group.

A. second example of a group is the equ ivalence class,.,

ses 2, 4, 6 and 8 nuldufo 10 under multiplication. This
group is best investigated by the construction of a
table.

7
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x .2 4 6 8

2 4 8 2? *6

4 8 *A 2

.10 A 6 2 4 6
.

,8

8 2 8 4
Olt

r

.

InSpction
, .

It isalSo

of this table reveals that the group is closed.

associative, since multiplicatiop is an asso-

ciative operation. Six -is seen to be-the identity ele-

ment since the xow next to. the six in the column to the-

left of the table is the same as the row at the-tgp of

:the
o
table and the column under the six in the top row is

the same al the column to the left of the table. The

numbers 4 and-6 are their own inverses; 2 and 8 are in-
.

verses of each other. That. t is group is also commutative

I
_

canlie seen from the fact that there is symmetry aboUt the

main'eliagonal of the table, that is, the diagonal that

goes from the upper left corner of the table to the 1oWer
D

right cornier.. CommutatiVe gtoups will always exhibit

symmetry of this sort when.their elements are listed in

.the same order going across as they, are going down.. Be-
...% . .

cause this.gToup has fpur elements, it i; said to be of

order-4. In general, a finite,group with n eliements:is
-

said to be of order n:
.'

.

'Exercise 1. State whether each of the following is a group. If your

answer is no, 'n which properties of egrouplfair to hold and
:' '

,
Why. If your an wet is yes, give_the group's identity eleMent and'

k .
--one-pair-of-inverses. . , .

%
-

a. The equivalence classes of the_integers 0, 1, 2 and 3,modulo 4

under addition.'

. b. The rational numbers, dxcluding zero, underm4tiplAcation.

c. The positive integers under subtractioi.
. .

d. The

e. The

a+ b - 2.,

numbers i, -1, -1, and 1 under multiplication, where i =

set of integers with the operation * defined as a * b

Ce

3

f. The set S = {A,.B,,C, D} where A.= 0, B ='{x}, C = {i} and

D = {x,y }, under intersection.

0

so

O

!P2: SYMMETRY GROUPS

2.1 The Symmetry Group of a Plane Figure

An interesting. way to generate groups is to perform

'operations on a plane,figure that leave the appearance

of that figure unchanged. Such operations are called

symmetry operations, and the groups they generate are

symmet.w groups. 'rake, for example, the diamond shown

belolq. For convenience, its vertices are lab'elled A,

B, C and D.

4

If this diamond is flipped over th,e line-joining

A to C, the only effect is to interchange.B and,D. ;

C * G

111111111

Similarly;'if it is flipped-over the line joining

B to D, the only effect-is to interchange A and C.

1

I 4
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/ A

It is qlso possible to

180°. Thi has the effect

C, and, and(,D.

he operation of performing first one symmetry'operation

and then'another. This operation is also, by its notate,
- .

assocfafive. ;That is, Performing on'e symmetry -operation,

/Ind Olen another, and then anotherl*proeGces the same

4 result regardless of how the operations are considefed

/

to be grouped. 'Rotate the figure through 560° or,
. /

alternatively, leavin -i alone; is the identity. And
.

since each' operation can be reversed or "undone," there
i .

4. I are invttses under this identity. The symmetry opefations

,Of a plane closed likethis one therefore form a
/

...,rotate *the
\
'diamond through

. groUp undef h6 operation of pe'rforming two of them in
.. .of interchanging both A and

, succession. -
I

.
, .

. . ' .*

o . . eIt can be shown- that every symm. etTy.operationbn a
. .

.., ,,

','plane clpsed figure is either a flip, or a rotation. We .

lifill denote the f195. over AC by F
1:

the flip aver BD by

F2, and the rotation through 180°.by R. Since the rota- -...

tion.through 400 leaves thefigure unchangedo.we-will

caP1 it I,, for "identity". .
. .

9 ' .

. The flip RI chohges the svcitience of the vertices from

'A B C D to A If C B. One way of representing 21.14.s Is fo / g

A 4

' I

A.
\ A

1431

Finally,' the diamind can berotated through 36V.

which is, of co se, the:4ame'as leaVing it,aTone:

,/

A

I

'Since these fouroperafions.are the onl ones that

leave the'appearance of the diamond Unchanged* performing

any'two of them in succssion must be equivale tto.per-,

forming a, third.tThe system is therefore closed under

10

write 4.

F
1

.N,3
'A B C

. .

.A !YE p
..

.

In the same wa,. I

A B C D ,,A.- . B C-D
p = and R

1. 2

- IC B A D
= .

.

, CbAB
1

'

Now consider the effect of performing firs F2 and
;then lir The flip F2 turnsA8CDint-oTB,A D. The

rotation R
1 then interchanges the first and thiid ele-

ments and the second and kouvh tothongeC,B A D into

A D C B. But, this is thevequivAlant.of simply performing

Fl. Thus P2 x R1 = Fl, where F2 x Ri'means the 'operation

of first'perfo ]jming F2. and then R1. The table below shows

the results of,performing any. two ofthe four symmetry

operations in suitcession.' Note the symmetry about the

main diagonal that shows that thiS group is 4ommutative..-
, .

11
6
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X I RI F1 F2

-1

F1

F1
F2

I R
1

R1 I F2 F1

F2 I RI

F F
2 i-,- 2 1 .,r

\
SuCh a"table can be Lade eitherby considering the permu-

tations shown in)he parentheses above or .by actually mani-

pulating a cardboard diamond with its vertices labelled.

Let us make a.srmilar table for the triskelion shown

below. -

his_figure has no flips among its symmetry operations.

are only three rotations, through 120°, 2400, and

We will call them R
1,

R2, and I 'espectively. The

table for this group appears below.

x I R1 R2

,There

'360q.

combination
. ,

*..4.44

Rx

I RI R2

_' R1 R2 1-

1 1qt

Exercise 72. _Define symmetry operations for 'ifie
.

and construct conbination tables for them. A-,

a) the letter A b) the gammadlon c). a 'rectangle,

..

2.2 The Symmetry Group of a Regular Polygon

A polygon is regular if all of its sides-and all of

its angles are equal The first two regular polygons are

the eqilateral triangle, with three sides; and the square.
. -

with four. Consider the symmetry operations Of the equila-

teral triangle. There are six of them, 'three flips'and

three rotations, as 5 own below.

rF

B
R
1

= 120
o

clockwise

R
2

= 240_. clockwise rotation

R3 = I.= 360°.rotations

'tv

rotation

F
1

The equilateral triangle has six symmetry operations

because it has three sides' and'three angles. Each of the

angles can be rotated to the position dccuiiied by either

of the other two, and each of the three altitudes is a line

of symmetry about which the triangle can be flipped. In

addition, there is the.identity. It

Here is the combination table for the symmetry,opera-

tions of an equilateral triangle. Note

not commutative.

Which of these groups is commutative?

I (one that is not
also a square) -

,

X I RI ;Ili F2 F3

I

R
1

R
2

Fl.

F2

3

- .

I R
1

'R
2

"F
1

F
2

F
3

R1: R2 I F
3

.

Flt

R2 I RI F2 F3 F1

.F
1,

F
2

F
3

It '11
1

R
2

F
2

F
3

*F
1

'R
2

I 0'
1

F1 F2 R1 R
3 2

R2

13

that this grOup is

B C)
1 IC A Bj

(,A\ B, Cl
R2

'f B C, A)

(A B *C
F
1 CB A)

( A B Cl
F2

f A C B)

(A B CI
F3

tB A C j



It."can be seen from this table that the product'of two

rotations is a rotation, the product of a flip and a ro-

tation isa flip, and the product of_two flips is a rota-

tion.

Exercise 3. Find the symmetry group, of the square. (It is called

the octic group.)

Exercise 4. .How many symmetry operations can be perforted.on a

regular pentagon?,.0m a regular octagon?. On a regular n-sided polygon?,

'

3. THE STUUCTURE OF GROUPS

3. Subgroups,

You may have noticedzthat the three eltbents L, R1,

and R2 in the'upper left hand corner of the symmetry

,group., of the equilateral triangle are themselves'a group

that is identical to the symmetry group of the,triskelfon,

whose table is given On.''page,:7.' In the same Way, the four

elements in the uppef, left-Aland corner'of the symmetry

grdup of the sqUare.fdrm a. group that is identical to the
.

symmetry. group.of the'gammadiOn. (A group that is contained

within alarge.r. I's; those are, is known as a subgrodp.

Specifically, gi'ven*:set S whicI is a group under the

operation *YanYsubsetlof S which is also a,group under *

is called a subgroup, T is- e inition allows S to be a
. -

,silbgroup.oT itse).fr A'subgroup of S that is not all of S

is called a, proper subgrOup of S. . . .

Finding subgroups giVeUgroup is Made easier by

the use of laGrangefs.Theorem; which states that,the number\

of elementi in any subgroup of a group G must be rfactor

'of the number of elements in Thul,since there are

6 = 1- 2. 3 elements in the symmetry group of the equila-

teral triangle, its proper subgroups must contain either

one,. two, or three elements. (The identity element of a

group always constitutes a subgroup of ope element. It is
. -

14,
9

sometimes called the trivial subgroup.).

An easy way to find the subgroups of

group of a plane figure is.to'draw on that

figures that shark some, but not,all, of i

operations. When a triskelion is drawn on

triangle, for example, it can be seen that

triapgle's three rotations but none of its

,

An isosceles triangle can also be drawn on an equilateral

triangle.

the symmetry

figure other

is symmetry

an equilateral

it shapes the

flips.

Besides the identity, .the isosceles .triangle shares only

one of the equilateral trianglefs.-symmetry operations, in

this case F Thys I and F1 alsoconstitute a, subgroup,

as'do I and F
2
and I and F

3.

x I F
1

4

X I

I

F
1

I

F
1

FP
1

I

I- P
2

I

Exercise S. Find the proper subgroups of the octic group. (See

Exercise 3.)

I
4.0
1 10
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3.2 The Division.Prapetty Let us use.the divisionproperty to construct some

The tables we haie'seen so far have an interesting simple group tables. We have already seen the structyre

feature incommon: each tled of the table of a two element group. jIllooks like this:ent of the group appears just

oncV in every

case?i>Suppose

element-P appeared

and Once in

Then,

row and.everycolumn.

that

the t colupn,as-in

x

Is this always the

rt.werenot. That is, suppose that

twice in the A row, once in the B

the following table.

A B: ,

xl I A

iden-

example,

B. in

would

the
I

column
A

Any element which is its own

tity, a two element group.

What about a three element

construct a group table for

which
)

each element is its

look, in part, like thisl

, I A'

. A I

inverse forms, with the

group? Can we, for

three elements I, A and

own Such a table

A

B

C

P P

(1) AxB=PandAxC= P.
If we,multiply both sides of the equations in

l 'eft by A-1, We get
e

( 2) Ill x (A4x B) = A-1 x P and A-1 x (A C) =

(1) on..the

1 x B.

x I A B

I

A

B

I

A

B

I

B

I

The associative property -then gives

(3) (A )(la) x B A
-1

x P and (A-1 x A) x C= A-1 x P.
Is it possible to fill in the rest of the table so that

each element occurs only once rn every row and every

But since

A-1 ;(
I,

thetwoequations in (3) become

(4) IxW=A xP and IxC=A-1 xP.

Since I is the identity,

(5) IxB=B and I xC=C,

column? if you try, you will find thatlt is not. Let

us therefore try the only alternativ , to construct a

table in which A and B are inlier -af each other.

x I A B

Il

.
A A

B

I

aria we are led to'the conclusion,-that

(6) B = A
-1

x P and C = A -1 x P.

But A-1 xP has unique result; it cannot possibly equal

both B and,C. The premise is therefore false; P can appear

only once in the row next to A and, by extension, only once

in any row or column in/ the table., This is to so-called

division property. It says that the equation AxX=P has a
unique result,result. which we call P

.

fl

There is just one way to'fill in the hlanks in thit table,

Therefore, the structure-of the three element,group shown
'below is theonly. one possible.

x I A.' B

I I A B

?ait A A B I

B B I A

17 12 ,



Can every element of a four element group ,be'its

own inverse? In other words, can the table of a flur

-.element group, look like this?

x I A BC
IIABt

4 A A

x I A-BC
I

A

B

I A If C

,A I C B ,

B C ,A I

0.CCBIA
.

e
We conclude, therefore, that there are two distinct struc--

tures for a fouri element group. ' ..

'C

3.3 CycliC.and Dihedral Groups,

It canlbe shoWn that if the symmetry group of a

bounded Pane figure is finite, it must take one of two

forms. When at least one of the symmetry operations is

!a flip, thenithere will be as many flips. aS there, ire
I I A B C - ,rotations. In this case the symmetry group is .called a

A A I C B 4 dihedral group. A group is cyclic if all of,its members

can be generated by raising a single bne of them toBBCIA7
successively higher powers.

C C B A I

The symmety grOup of the gammadion is a-cyclic -

R12The only other possibility for alfour element group group. TO see thiS, observethat R12 = R2, -R13 = R1 x R1`
to have one of the elements, say Abe its own inverse

and B andt be inverses of each other. = R1 x R2 = R3, and R1 = R1 x RI 3
= R1 x R3 = I. Thus,

-xIAB2 C the elements of his group can all be expressed ag powers

of R1. The tkbi? can be written like this:

1
.

4 1 2 3
'x R

1
R
1-

R
1

R
1

There is only one way, shown below, to fill in thelremain-
,

ing spaces of this table so that each element appears only

once in every row and every .column.

x I A B

A

B

C

IABC
A I

B . I

A ain, there is only one way to fill in the rest of the

table.

13

c ,

R
1

4

1
R,

R
1

4
R
1

1.
R
1

2
R
1

3

1 2 3 '`
R1 R1 R1 R1

3 4 1
R1 R1

3 3 4 '1 2'RRRRR1_ 1 1 1

Observe that this group, like all cyclic groups, is
,

1commutative.

ID
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The. symmetry group of a rectangle, (one that is dot

also a Square); by, contrast-,'is a dihedral group with two

flips,

a 180 ° -eotation
'

R
1,

and a 360°-rotation, : That the

group is notcyclic'may be seen
1

by observing that.

F
1

2
-= I, F

2

2
= I, and R

1
.

t
= I. It follows That F-

1

3
' . ,.

F1 x F12 = F1 x I = F1 and. similarly that F2 = F2

and R
1

= R1. Thus, each of these elemenis.generates a

cyclic subgroup of. two elements; none generates the
entire group.

.
Exercise 6. Of the two possible, structures of a four element grdup

found,iry Section 3.2, which is cyclic? Express the members o

'this group as powers of a single element. Can this be done i

more than One way?

3.4 Isomorphisms

We'have

x 2 4 6 8

2 4, 8 *2 6

4 8 61 4 2

6 a 4 6 8

8 6 2 8 .4

studied a npmber of -four- element.group
*

-1 -i 1. T

-1 -C 1

4 1.i -1

;1 i -1 -i 1

. ,

1,-1, -i abd 1The' equivalence
Claises 2., 4, 6'
and 8 modulo 10
under multipli
cation. '

f

+- 0 1 2 '3

0'0 1 2 3

1 2 3 .0

2 2 0 1

"\.: 3 3 o

The equivalence

ol

R
1

F
1

F
2

I R1 F1
F2,

_I R1 F
le

F2

Ri I. F2 . Fi

F2 I R1

Fi R1
3

I, R R R
1. 2 3

I
oR

R2 R
1 2

R3

R
1

R
2

113

R
2

R
3
1 R1

R
3

I. R
1

R
2

The4syldnetry group The ymmetry group of
of the diamond. the gammadion.

If yod look, at vliem closely, however, you will see that

each has Qhe of the two structures we discovered in Sec-

Tian 3.2. Compare,:for example, the group consisting of

altd 1 under multiplication with the syMmetry

group of the gammadion. If the table for i, -1, -i and

1 is rearranged so that 1, the identity, is the first,

element,li;ted", -these tables are seen to be identical in

corresponding to 1, to i, R2 to -J.,structure -with I

and R3 to -i.

x Rf. R2 . .RS

I

classes 0, I,2, 'under multiplIca-.'
and 3 pndulo,4 , tion, where i =
under addition..'i

20

R
3

I R Rri R2 R3

R1 R
2

R
3

I

'I Ri
2

R3

.

Su'ch correspondence

x

1

-1

-1

R1' R2
4

iscalled an isomorphism..

Two groups,G with group operation * and H with

grouphperation.°, are4$0,,d to be isomorphic if 'a one -

to -one correspondence can be establ d between their'

elements such that if g correSpop s t hi and g2 cofres-.

pi:Inds to h2, then gl * g2 cor espo s to h
1
° h

2.
The

;tables of two finite, isomorphic groups will be identical
in .gtructur'e if corresponding elements are- given

correslxmiding loeatio s in the table.

21
16



Exercise 7. Examine the tables: for the equivalence clastes 2, 4, 6

and 8 modulo 10 under multiplication, the equivalence classes 0, 1,

2 and 3 modulo,4 under addition, and the symmetry group of the dia-

mond. If jny two of these are isomorphic, find an appropriate corres-

pondence between their elements and arrange these elements corres-

pondingly-An tables.

2.2

"1

.e"

17

4. SAMPLE EXAM

1. Form the symmetry group of the figure shown below and find' its

proper subgroups, .

2. Give two reasons, based on different group properties, why, the

table below does not define a group.

I

A

B

C

D

IABCD
I A- B C D

ACDBI
B I C D A

C -D A I B

DBIAC
3. Show that the set of numbers of the form a + b/ forms a group

under the usual multiplication of real numbers, where a and b are

integers but cannoi.both equal zero at the same time.

O

a

18



5. ANSWERS TO EXERCISES

Exercise 1.

a. This is a group, the table for which is given below.

0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 3 O. 1

3 3 0 1 2

The identity is O. 1 and 3 are inverses.

b. This is also a group. The identity is 1 and the reciprocal of

;each number is its inverse. For example, 2/3 and 3/2 are inverses.

1It is necessary to exclude zero because,it does not have a multi-
,

plicative,inverse.): 4.

c. The poisitive integers are not a group Under subtraction. All

four of the group propoTties fail to hold. First, the positive inte-

gers are not closed under subtraction since, for example, 3 - 7 is

not a positive integer. They are not associative sinc

r

(3 - 7) - 2

is not the same as 3 - (7'- 2). There is no identity. (The identity
$

for subtraction is zero, but z.ere,is ndt a po;iti.e integer.) With-

out an identity there can be.no inverses..

d.. This is a group, the table for which is given below.

wo# 3
Exercise 2." '

a. The letter A has only one,symmetry operation betides the identity,

and that is a flip over the-vertical line shown below.
,

!.4"

x i -1 -i 1

-1 -1 - 1 i

- -1 1 \i -1
4.

1 i -1

1 -1 -i -1

The identity is 1. i and -i are inverses.

e: This is a group. The identity is 2. The inverse of a is, - a.

f. This is not a 'group. Pacts'as an identity,ibut there are no

inverses.

.4/ 24

V

The flipflip Is denoted as F in the table.

x I F

I I F

F . F I

b. The gammadion can be rotated t4r8Ugh'angkes of 90°, 180°, 270°,
.

and 360°. "In the table these.xemare oted a R1, R2, R
3'

and I respectively.'6

,x J RI R2 R3

I. I R
1

R
3

R1 RI R2 R3

RR R
2

I R
1

4
R3 R3 I RI .112

c The rectangle can be rotated thrtugh angles.of 180° and 360 °, -

.called_RI'and I in the table, and flipped over the lines-shown as F1

and F2 in the figure.,,



4 .
w

o .All three of these groups are commutative.
Exerciie 6. A.:

Exercise 3.. The latter of thetwo groups found in Section 3.2 is cyclic and

can be generated by eithel . B or C.The square has eight symmetry operations, four flips and four rot57.1

tions. The rotations, through 90°, 180°, 270°, and 360°, are'cal14,

respectively RI,j12, R3, and I ir( the table. The four flips are

shown in the-figUie. , 1.

x I R1 R2 R .F F2 F F
1 2 3

F1
2 3 4

I I R
1

R
2

R
3

F
3

F
4

O

R
1

R
2

itl .-'11
2 -3

R_ I F4*--T
3-

F1 F2

RZ
3
IRF'FF FR1

2 1 4 F3

R R I R1 R2 F3 F4 F2 F
1c

R3

F1 F FI F3 g2 F4 I R2 RI., R3

.F2 F2 F4 F1 F3 R2 I R3 RI

f3
F3 F2 F

4
Fl Fl3 R

1
I R

2

F4 F4 Fl F3 F2 RI R3 R2 -I

. . .

Exercise 4. .

A figular pentagon has 10 symmetry:operationt,.a regular octagon has

16, and, in general, a'.regular n-sided polygon has 2n.

Exorcise S.

The-sub icups'of the octic,group are:'

%-' -1, R- arigi:R* _ ,

R2; Fi-and. FZ
f"... -

I, R2' F
3.

and F

I ancV.1

I and, F1

I 'and' F2 ;.

I and F3

I and- P4

28

xIABC
IIABC
AAICB
B B C A I ;

C C B I,

Exercise 7%

B
1

B Cl = C

*
B
2

= A C
2

= A

B
3

= C C
3

= B

8
4

= I. C
4

= I

the equivalenCe classes 2, 4, 6, and 8 modulo 10 under pultipli-

cation are isoborphic to the equivalence classes 0, 1, 2, and,3

modulo 4 u nder addition.

8 to 3.

x 6 .4 8
s.

6 6 2 '4 8

2 27 4 8 6

4 4 '8 6 2

8 8 6 2 4

4

So st

6 corresponds to 0, 2 to 1,, 4 to 2, 'and

0 1 2 3
.

,0 1 2 3

1 1 2, 3 0

2 2 3 01
3 3 0 1 2

3t.

st-

22

1 .

Xs,



6. ANSWERS TO SAMPLE EXAM

1. This figure has no flips and five rotations, through 72°, 144°,

,216°, 280°: and 360°. These are called RI, R2, R3, R
4

and I, re-

spectively, in the table below.

4.4v

R
1

R
2

R
3

R4

I

R
1

172

R
3

R

I

RI

R
2

R3

R4

11
1

R2

R4

I

R
2

RI

R4

I

RI

R
3

R4

.1

RI

R2

R
4

R
1

R2

R3

Since this group has five elements, and five is a prime number, it

can hdife no proper subgroups other than the identity.

2. This system lacks unique inverses. Notice that A * D = I,

but that D * B x I also. In addition, the.system is not associative

since, for example: (A.* D) * B does not equal A * (D * B).

3. The set is closed under multiplication since (a +bVi)

x (c + d /i) = (ae+ 2bd) + (ad + bc)Vf. The multiplilation is as-

sociative because the usual multiplication of real numbers is asso-

ciative. The number 1 + 0 x if serves asan identity. The inverse

of a 4. blI is

a
+ VT. 0

a
2

2b
2

2b
2

- a
2

. Jt.

28 ,

23
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STUDENT FORM 1

Request for Help

Return to: ..

EDC/UMAP
55 Chapel Si.

Newton, MA 02160

Student: If you have trouble with a specific part of this unit, please hal
out this form and take it to your instructor' for assistance. The inforniStion
you give will help the author to, revise the unit.

4 3.our Name .

Page

Unit No.

0 Upper

()Middle

Q Lower

OR

Difficulty:

Section-

/OR
Model Exam
Problem No.

Paragraph Text
`N.

Problem No.

DesCription of (Please be specific)

.0

Instructor: Please indicate your resolution of the difficulty in this box.

Corrected_ errors in materials. List -Igcections here:

'Gave student better explanation, exampj.e, or procedure than in unit.
Give brief outline of your addition here:

Assisted student in acquiring'general learning and problem-solving
skills (not using examples from this unit.)

I

F

O

29

Instructor's Signature

4 -a

ea

Pieaseuse.reverse if necessary.

I IS



Name-

`InstitutiOn

t

STUDENT FORM 2

Unit Questionnaire

cz

Unit No.

Coarse No.

Date

Return to:
-RDC/UMAP
55 Chapel St.
Newton, MA 02160

Check the choice fOr each question that cones closest to your personal opinion.

1. How useful' was the amount of detail in the unit?*

licit enough detail to understandthe_yuit
Unit would have been clearer with more detail
Appropriate amount of detail
Unit was occasionally too detailed, but this was not distracting
Too much detail; I.was often distracted -

,

2. How helpful were the problem answers?

Sample solutions were too brief; I could not do the intermediate steps
, Sufficient information was given to solve the problems
Sample solutions were too detailed; I didn't need them

3. ,Except for fulfilling the prerequisites, how much did you use other sources (for
exaMple, instructor, friends, or other books) in order to understand the unit?

A Lot Somewhat A Little Not at all

4. How long was this unit in comparison to the amount of time you generally spend on
a lesson (lecture and homework assignment) in a typical math or science course?

Much Somewhat About Somewhat . Much

Longer" Longer\ the Same Shorter ' Shorter

-5. Were any of the following parts-of the unit confusing or distracting? (Check_

as many-as apply.)

Prerequisites
Statement of skills and concepts (objectives)

Pakagraph'headings
Examples__ .___ __ ,_

Special Assistance Supplement (if present)

Other, please explain

6. Were any of the following parts of the-unit particularly helpful? (Check as many

as apply.)
.Prerequisites

r
_ Statement.of skills and concepts (objectives)

Examples

, Problems 0

Paragraph headings

. Table of Contents
Special Assistance SuppleMent (if present)

Other, please explain

please describe anything the unit that you did not particularly like.

Please describe anything that 57211 found particularly helpful. /Please use the back of

this sheet if you need more space.)

1


